We construct the Barut-Girardello coherent states for charge carriers in anisotropic 2D-Dirac materials immersed in a constant homogeneous magnetic field which is orthogonal to the sample surface. For that purpose, we solve the anisotropic Dirac equation and identify the appropriate arising and lowering operators. Working in a Landau-like gauge, we explicitly construct nonlinear coherent states as eigenstates of a generalized annihilation operator with complex eigenvalues which depends on an arbitrary function f of the number operator. In order to describe the anisotropy effects on these states, we obtain the Heisenberg uncertainty relation, the probability density and mean energy value for three different functions f . In particular, for strained graphene we obtain that, when a stress is applied along the x-axis of the material surface, the probability density for the nonlinear coherent states is smaller compared to when the material is compressed along the same axis.
Introduction
The physical system of a charged particle interacting with a uniform magnetic field has been considered in several works due to its important technological implications. Fock solved the non-relativistic quantum mechanical problem for the first time by defining the magnetic field in the so-called symmetric gauge [1] , but Landau addressed the same physical situation by
where f is a well-behaved real function of the standard number operator N , with the corresponding commutators 
Thus, nonlinear coherent states (NLCS) have been introduced as eigenstates of the deformed annihilation operator A|α f = α|α f [10, 11] . In general, such states exhibit nonclassical properties, e.g., squeezing and antibunching [12] . They are also connected with oscillators whose frecuency depends on the energy [10, 11, 13] , some of them can be obtained physically as stationary states of the center-of-mass motion of a trapped ion [12] or to model the vibrations of polyatomic molecules [14, 15] . and more. Hence, it can be concluded that the construction of coherent states for a quantum mechanical system is a desirable thing to do. On the other hand, the so-called 2D-Dirac materials (2D-DM), such as graphene [16] [17] [18] [19] , topological insulators [20, 21] and organic conductors [22, 23] , are characterized because, at low-energy (i.e., in the continuum limit), the behavior of its charge carriers is quite similar to that of ultra-relativistic fermions, because its dispersion relation is linear. As a consequence, these quasiparticles are described by a Dirac-like equation, instead of the ordinary Schrödinger equation with a typical parabolic dispersion relation. Several phenomena related to the pseudo-relativistic behavior of these quasiparticles have been studied extensively, for example, in graphene -the most-known 2D material-in response to applied external magnetic fields due to its outstanding properties for technological applications and fundamental physics development.
Recently, an increasing interest to exploit strain for controlling other physical properties of the 2D-DM, e.g., their stiffness, strength and optical conductivity has arisen due to their mechanical properties [24] . For example, among the new research subjects worth to be mentioned, straintronics [25] studies the mechanical deformations of graphene layers to modify its electric properties [26] . Actually, some experimental results regarding the response of graphene under tensile and compressive strain have been discussed previously [27] . Theoretically, although these mechanical deformations displace and deform the Dirac cones to an elliptic crosssection and induce a tensor character to the Fermi velocity, the equations of motion are still tractable [26] . However, despite the simplicity that the assumption of certain types of deformations in graphene [28] [29] [30] could offer, our goal here is to generalize the results in [31] towards the anisotropic Dirac fermion systems by constructing the corresponding NLCS in order to give a semi-classical description of the phenomena related with the combined effects of both magnetic fields and anisotropy, and that later allow to analyze other interesting physical properties of these materials [4, [32] [33] [34] [35] [36] . For that purpose, we have organized this article as follows. In sect. 2 the anisotropic 2D-Dirac equation is solved in a Landau-like gauge. The corresponding energy spectrum and eigenstates are obtained as functions of a parameter ζ that characterizes the anisotropy. In sect. 3 a generalized annihilation operator associated to the system is presented and the NLCS are introduced as eigenstates of such a matrix operator. These quantum states are characterized through their probability density, the Heisenberg uncertainty relation and the mean energy value. In sect. 4 we discuss our achievements and, as an example, we present our conclusions for the strained graphene case.
Anisotropic 2D-Dirac Hamiltonian
We start from the anisotropic 2D-Dirac equation [24, 28, [37] [38] [39] [40] ,
where σ = (σ x , σ y ) denotes the Pauli matrices, v is the 2×2 symmetric Fermi velocity tensor with non-vanishing diagonal components v xx and v yy corresponding to the quasiparticle velocities in the directions x and y (see Fig. 1 ). Here, π x,y = p x,y + eA x,y /c, with p denoting the canonical momentum and A the vector potential which defines a magnetic field aligned perpendicularly to the material surface. In a Landau-like gauge,
such that we can write
Substituting (5) into (3), two coupled equations arise, namely:
These equations are decoupled to obtain where
In order to describe a uniform magnetic field, we take
Thus, by defining the frequency ω ζ as
where ω B is the cyclotron frequency of electrons in a pristine sample, we get the following Hamiltonians H ± ζ :
It follows that:
or, equivalently,
(a) n = 0. Finally, the corresponding normalized eigenfunctions are given by:
Thus, the pseudo-spinor eigenstates are
where δ mn denotes the Kronecker delta, ψ − n ≡ ψ n and ψ + n ≡ ψ n−1 . Hence, Figure 2 reveals two interesting facts. First, the probability density ρ n (x) given by
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shows two maximum values in two different positions
where x 0 = −2k/ω B and η fulfills the polynomial relation:
The distance between the points x ± increases as n and ζ do. In particular, we have that x ± = x 0 for n = 0. Second, for given n and small ζ-values, the function ρ n (x) takes larger values at the points x ± , while for growing ζ-values, ρ n (x) takes values close to zero. In other words, if v yy > v xx , the probability to find the electron around the points x ± increases while the distance respect to x 0 decreases. If v xx > v yy , we have the opposite situation. We deepen in this fact later on.
Algebraic structure
Now, let us define the following dimensionless differential operators
that satisfy the commutation relation
This relation implies that the set of operators {θ + , θ − , 1} generate a HW algebra. A more general expression for the above ladder operators is discussed in [24] . Now, the action of the operators θ ± on the eigenfunctions ψ n is:
so that θ − (θ + ) is the annihilation (creation) operator. In terms of these ladder operators, we can define the following dimensionless Hamiltonian
that acts on the x-dependent pseudo-spinors
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Annhilation operator
In order to build nonlinear coherent states in graphene, one can define a deformed annihilation operator Θ f given by:
such that
where f (N ) is again a well-behaved function of the number operator N = θ + θ − and δ ∈ [0, 2π] is a parameter that allows us to consider either diagonal or non-diagonal matrix representation for Θ ± f . Also, these operators satisfy the nonlinear algebra
In the limit f (N ) = 1, we have that
, where I is the 2 × 2 unity matrix, i.e., we recover the HW algebra.
Nonlinear coherent states
We can construct NLCS Ψ f α (x, y) as eigenstates of the operator Θ
where
Upon inserting these states into the corresponding eigenvalue equation, we get the following relations:
withα = α exp(−iδ). This means that to work with either a diagonal or non-diagonal annihilation operator Θ − f translates into having a factor phase that affects the eigenvalue α.
Case for f (1) = 0
If f (1) = 0, a 0 turns out to be a free parameter. Thus, the NLCS are
If f (1) = 0, we have that a 0 = 0, so that we can consider two new cases, as follows:
In this case, a 1 is the new free parameter. Therefore, the NLCS are
where g(n) ≡ f (n + 1).
b) f (2) = 0 Finally, we have that a 2 is the free parameter. The corresponding NLCS are given by
where h(n) ≡ f (n + 2).
Some examples
It is worth to mention that in the discussion above, one can choose any form for the function f (N ) that characterizes the NLCS provided that it retains the convergence of the series involved and hence guaranties that such coherent states still belong to the Hilbert space. However, depending on such a function f (N ), one would have the possibility to introduce a different description from the harmonic oscillator to get a deformed dynamics in phase space [10, 11] . Therefore, in order to describe the effects of strain on the NLCS, in the following sections we consider some particular forms for the function f (N + 1) in Θ − f [31] . Moreover, we make use of use some physical quantities to analyze such quantum states, including the probability density ρ α (x), the mean energy H and the Heisenberg uncertainty relation (HUR). To compute the latter, we define the matrix operator S q and its square as
and q = 0, 1. The variance of the operator S q is calculated as follows:
Thus, when q = 0 (q = 1), we have that σ S 0 ≡ σ ξ (σ S 1 ≡ σ p ), i.e., the variance of the position ξ (momentum p) operator and the HUR must fulfill: (38) for different values of |α| and the parameter ζ. In these cases, we take B 0 = 1/2, k = ω B = 1 and δ = 0.
Case for f (1) = 0
The simplest form for f (N ) that satisfies the condition f (1) = 0 is f (N + 1) = 1. For this choice, the corresponding NLCS are given by
whose probability density is depicted in Figs. 3 and 4 and has the analytical form:
Using these NLCS, the mean values of the operators S q and S 2 q are, respectively (see Fig. 5 ): while the mean energy H ζ α turns out to be (see Fig. 12 ):
where H α is the mean energy for a pristine 2D-DM for the case f (1) = 0. In a semi-classical interpretation, the eigenvalue α = |α| exp (iϕ) determines the initial conditions of the motion of the electrons. As |α| changes, the maximum probability density moves along the x-axis, i.e., the center of ρ α (x) moves away from or approaches to the equilibrium position x 0 = 2k/ω B . Also, if ϕ ∈ [0, 2π] varies, the maximum probability performs an oscillatorylike motion around x 0 (vertical red line in Fig. 3 ). In particular, for ϕ = Arg(α) = (2m + 1)π/2, m = 0, 1, . . . , ρ α (x) is located around the position x 0 (horizontal red lines in Fig. 3) . 
As |α| increases both (σ ξ ) α and (σ p ) α approach the value 1/ √ 2 and thus their product tends to the value 1/2. Also, as ϕ changes, the dispersion of the position ξ is upper, equal or lower than that of the momentum p.
On the other hand, the parameter ζ affects the value of the probability density, as shown in Fig. 4 . Similarily to what happens with the probability density of the spinorial eigenstates Ψ n , the function ρ α (x) is larger when ζ gets small, while in the opposite regime, ζ > 1, ρ α (x) tends to zero. Moreover, the maximum probability density is located either to the right or to the left of the equilibrium point x 0 according to 0 ≤ ϕ < π/2 or π/2 < ϕ ≤ 2π. For ϕ = π/2, the center of ρ α (x) remains at x 0 . (42) for different values of |α| and the parameter ζ. In these cases, we take B 0 = 1/2, k = ω B = 1 and δ = 0.
Finally, Fig. 5 shows that the Heisenberg uncertainty relation reaches a maximum value for small values of |α| and ϕ = π/4, while in the limits α → 0 and α → ∞ we have that (σ ξ ) α (σ p ) α → 1/2. This behavior can be understood through the respective variances of the position ξ and momentum p operators: when ϕ = 0, the function S 1 α = p α = 0 and the dispersion of the momentum p is smaller than that of the position ξ. As ϕ grows, the dispersions of each operator change until they are equal (ϕ = π/4) or their behaviors are exchanged (ϕ = π/2), i.e., now we have that S 0 α = ξ α = 0. This last circumstance implies that the electron performs symmetric oscillations around the equilibrium position x 0 , in agreement to the previous analysis of the probability density.
Now, we consider the case for f (1) = 0. As we mentioned in the previous section, we can consider two new cases.
Hence, the NLCS turn out to be
and its probability density is (see Figs. 6 and 7): The mean values of the operators S q and S 2 q in this representation are, respectively (see Fig. 8 ):
while the mean energy H ζ α is (see Fig. 12 ): 
As |α| increases both (σ ξ ) α and (σ p ) α approach the value 1/ √ 2 and thus their product tends to 1/2. Also, as ϕ changes, the dispersion of the position ξ is lower, equal or upper than that of the momentum p.
where H α is the corresponding mean energy for the pristine case for the same function g(N ).
Analogously to the previous case, the center of the corresponding ρ α (x) moves away from or approaches to the equilibrium position x 0 as |α| increases or decreases, respectively. By varying ϕ ∈ [0, 2π], the maximum probability performs again an oscillatory-like motion around x 0 (vertical red line in Fig. 6 ), but when ϕ = (2m + 1)π/2, m = 0, 1, . . . , ρ α (x) is centered in such position (horizontal red lines in Fig. 6 ). However, for small values of |α| and ϕ = π/2, the function ρ α (x) decreases in the interjection of both lines, which is due to the behavior of the position dispersion (σ ξ ) α for those values.
Moreover, the parameter ζ affects the probability density (see Fig. 7 ): the value of ρ α (x) increases when v xx decreases, while it tends to zero for v xx growing. Additionally, the center of the probability density is located either to the right, to the left or at the equilibrium point x 0 according to 0 ≤ ϕ < π/2, π/2 < ϕ ≤ 2π or ϕ = π/2, respectively.
On the other hand, Fig. 8 shows that the Heisenberg uncertainty relation reaches a maximum value equal to 1 in the limit α → 0, while it tends quickly to the minimum uncertainty value when α → ∞. In contrast to the previous case, this behavior is due to the state Ψ 1 (x, y), which is the minimum energy state that contributes to the corresponding superposition Ψ f α (x, y) in Eq. (42) . Likewise, for values of |α| close to zero and ϕ growing, the variances of the position ξ and momentum p operators change with respect to each other, becoming equal only when ϕ = π/4, but always being different to the usual value obtained for the standard coherent states of the harmonic oscillator. In particular, this implies that as |α| increases the uncertainty in the position reduces, as much as the quantum nature of such states allows. b) f (2) = 0 Finally, for this case we consider the function f (N + 2) = h(N ) = √ N × √ N + 1/ √ N + 2, which satisfies the condition f (2) = 0. The corresponding NLCS are given by where I 1 (x) denotes the Bessel function of first kind. The probability density is then (see Figs. 9 and 10)
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Also, as ϕ changes, the dispersion of the position ξ is lower, equal or upper than that of the momentum p.
Also, the quantities S q α and S 2 q α are (see Fig. 11 ): (45) (blue) and (49) (yellow). In all these cases, we take B 0 = 1/2 and ω B = 1. and the mean energy H ζ α is given by (see Fig. 12 ):
where H α is the corresponding mean energy for the pristine graphene for the function h(N ). Once again, the parameter ζ affects the probability density ρ α (x) in Eq. (47) in a similar manner to the previous cases, changing also the center of such function with respect to the equilibrium position according to the value of ϕ ∈ [0, 2π] (see Fig. 9 ). However, while the position x of the center of the probability density ρ α (x) along the x-axis also changes with respect to x 0 due to the values of α = |α| exp(iϕ) (vertical and horizontal red lines in Fig. 9 ), the distance between the points x and x 0 is smaller in comparison with the cases already discussed (see Fig. 10 ).
Furthermore, Fig. 11 shows that the behavior of the Heisenberg uncertainty relation associated to the states in Eq. (46) and variances of the position ξ and momentum p operators are different compared with the previous cases. Now, the HUR reaches a maximum value equal to 2 in the limit α → 0 but for α → ∞ it tends very slowly to 1/2. This behavior is because the state Ψ 2 (x, y) is the minimum energy state that appears in the linear combination of Ψ f α (x, y) and so these NLCS cannot be considered as minimum uncertainty states. However, the behavior of the variances of both ξ and p operators in the limit |α| → ∞, suggest a squeezed-like behavior for them.
Finally, Fig. 12 shows a comparison between the mean energy H ζ α corresponding to each NLCS Ψ f α (x, y) above described. As we can see, each mean energy is a continuous function of the eigenvalue α and in the limit, α → 0 their behaviors are different due to the minimum energy state Ψ n (x) that contributes to the respective NLCS. Moreover, the mean energy is modified by the values of the velocities v xx and v yy due to the strain.
Discussion and conclusions
In this work, we have considered anisotropic 2D-Dirac-Weyl fermion systems immersed in a perpendicular uniform magnetic field, in order to explore the effects that the Dirac cones anisotropy has in the behavior of the nonlinear coherent states, which can be obtained by describing the background field in a Landau-like gauge. This setup supplies a semi-classical description of the effects that the anisotropy have on the dynamics of the Dirac particles in a magnetic field. For our purposes, the anisotropy is characterized by the quantity ζ = v xx /v yy , that indicates the anisotropy direction.
In what follows and for the sake of illustration, we consider as the 2D-DM a sample of strained graphene, in which for a uniform uniaxial strain [24, [28] [29] [30] 37] , the velocities v ij take the explicit form (see Fig. 13 ):
• if the uniaxial strain is applied along the x-direction:
• if the uniaxial strain is applied along the y-direction:
where v F is the Fermi velocity of pristine graphene, β ≈ 2, indicates the strength of the applied strain and ν is the Poisson ratio, which takes values in the range ν ∼ 0.1 − 0.15. Hence, we can assume that the figures in the previous sections were obtained for graphene with ν = 0.15 and a strain of 15% ( = 0.15). On the other hand, although the velocities v ij can be related with the strain tensor in a more general way, the uniform strain [28] [29] [30] deserves special attention, since it is the limiting case of any general deformation, is solvable and leads to an anisotropic Fermi velocity, but it does not produce any pseudo-magnetic field whatsoever. Due to its theoretical simplicity, we will use it for describing the effects induced in the dynamics of graphene electrons. Thus, if ζ < 1, i.e., v xx < v yy , the deformation takes place along the x-direction due to the interatomic distance a increases in the x-direction and the velocity v xx decreases, since the hopping energy t also decreases (Fig. 13a) . As a consequence, the probability density of the NLCS is larger in comparison with the opposite case, ζ > 1, i.e., v xx > v yy , in which the strain is applied along the y-direction because now the interatomic distance a decreases in the x-direction and the hopping energy t increases (Fig. 13b) . It means that when a uniform stress is applied on such a 2D-DM layer along the x-axis, we can think that the electrons are restricted to move in such direction and the probability to find them in a small interval in the x-axis increases because their velocity v xx decreases, while if the material is deformed in the orthogonal direction, the region where the electrons can be found increases and the probability decreases as ζ, or v yy , grows. In comparison with the pristine graphene case, where v xx = v yy , previous works [31, 41] show that the probability density can be modified by increasing or decreasing magnetic fields intensities but, due to the symmetry between the x and y-coordinates, there is not a preferential direction for the restricted motion. However, as we can see in this work, by applying strain in either zigzag or armchair direction, one can talk about the confinement of the Dirac fermions in a particular direction because the material isotropic character is modified. In a sense, one could try to meet this fact with that shown in [42] , where position-dependent Fermi velocities affect the probability densities.
In addition, from a semi-classical point of view, the eigenvalue α = |α| exp (iϕ) somehow establishes an initial condition for the coherent states: for |α|-values close to zero, the maximum probability is found around the point x 0 and the effect of the strain is milder than when |α| is larger, allowing to localize the maximum probability away from the point x 0 . In addition, if the center of ρ α (x) is located to the left (ϕ > π/2) or to the right (ϕ < π/2) of the point x 0 , when a deformation is applied along the x-axis, the distance between those points increases in the respective direction. It is important to remark that the CS obtained for the case f (1) = f (2) = 0 tend to stay localized around the point x 0 even if the velocity v xx grows due to the strain applied in the armchair direction. Also, these states show a squeezed-like behavior because the ground state Ψ 0 is absent in the corresponding superposition and the form of the function f (N + 1) chosen.
Since coherent states have been used in many branches of physics [4, 35, 36] , as in condensed matter physics [32] and atomic and molecular physics [33, 34] , to analyze some measurable physical quantities, for experimental considerations we believe that the results obtained in this article can be useful to explore and describe phenomena on 2D-DM, perhaps of interference nature, because such a description establishes a bridge towards the phase space formalism 20 that has been also employed in condensed matter physics [43] [44] [45] . Moreover, coherent states approach can be also extended to the description of crossed electric-magnetic fields effects, titled anisotropic Dirac cones and quantum electronics employing the Wigner function. Moreover, an alternative description of our finding can be obtained assuming a symmetric gauge for the background field, in order to describe either the bidimensional effects of the anisotropy on 2D materials lying on the xy-plane or by considering the problem where the velocities v ij can depend on the spatial coordinates. These studies are in progress and will be reported elsewhere.
